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Effects of Passive Porous Walls on Boundary-Layer Instability
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A theoretical study is described of the effects of a passive porous wall on boundary-layer instability. The passive
porous wall is conceived of as a thin porous sheet stretched over a plenum chamber. When disturbances in the form
of Tollmien–Schlichting waves propagate along the boundary layer, the � uctuating pressure forces air in and out
of the plenum chamber. The basic approach is based on classic linear stability theory for the � at-plate boundary
layer with modi� ed wall boundary conditions. The wall response is represented by a complex admittance (ratio
of � uctuating � ow rate per unit area to wall pressure) and, therefore, applies to a general class of passive porous,
and other interactive, walls. The effects of a wide range of admittance values are studied. A stabilizing effect is
obtained when the admittance phase is close to ¼/2, and an optimum value of admittance magnitude is also found.
A theoretical model is introduced and used to calculate the admittance of the porous panels used in a parallel
experimental study. It is shown that it may be possible to manufacture stabilizing porous panels. The stabilizing
mechanism is due to the production of a near-wall region of negative Reynolds stress.

Nomenclature
D; D2; D3 = d=dy, d2=dy2 , d3=dy3

E = expfi.®x ¡ !t/g
F = .!=Re/ £ 106

h = depth of plenum chamber
Nh = h=±¤

i =
p

.¡1/
p = dimensionless pressure � uctuation
qw = dimensionless � ow rate per unit area through wall
Re = U1±¤=º
t = dimensionless time
U = undisturbed streamwise velocity component
U1 = freestream � ow speed
u = dimensionless � uctuating streamwise velocity

component
v = dimensionless � uctuating normal

velocity component
x = dimensionless streamwise coordinate
Yb = Oqw= Opw

Yc = Oqw= Opc

Yp = Oqw=. Opw ¡ Opc/
Yw = wall admittance; see Eq. (1)
NYw = wall admittance magnitude
y = dimensionless coordinate normal to wall
® = dimensionless disturbance wave number
¯ =

p
.®2 ¡ i!=º/

±¤ = boundary-layerdisplacement thickness
³ = dimensionless disturbance vorticity
´ = dimensionless compliant wall displacement
¹ = dynamic viscosity
º = kinematic viscosity
½ = density
¾ = wall porosity, that is, proportion of area

occupied by pores
’ = admittance phase
! = dimensionless disturbance frequency
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Subscripts

c = quantities evaluated in the plenum chamber
i = imaginary part
r = real part
w = quantities evaluated at the wall
¾ D 1 = quantities evaluated with ¾ D 1

Superscripts

O = disturbance amplitude

N = average over a disturbance cycle

I. Introduction

T HE classic model for laminar– turbulent transition was for-
mulated by Prandtl, Tollmien and Schlichting, and con-

� rmed by the experiments of Schubauer and Skramstadt (see
Ref. 1). According to this model, the natural transition process be-
gins with quasi-random pointlike disturbances that generate pack-
ets of low-amplitude,quasi-two-dimensional,Tollmien–Schlichting
waves throughsomeunspeci� ed receptivitymechanism.Manyother
routes to transition are now known. Nevertheless, the classic model
remains valid for boundary layers that are not too far removed from
the two-dimensional � at-plate case and that develop in a low-noise
environment.Such conditions are to be found, for example, on air-
craft in free � ight.

Why do the Tollmien-Schlichting waves grow? Essentially, it
is because energy is transferred irreversibly to the disturbances.
The mechanism is the so-called energy productionby the Reynolds
stresses. If the rate of energy production exceeds the rate of energy
removal due to viscous dissipation, the waves will grow. However,
in the absence of viscosity, the streamwise and normal velocity per-
turbations,u and v, respectively,are out of phase by exactly 90 deg.
Under these conditions, the Reynolds stress would be zero, and no
energy would be transferredto the disturbance.The necessaryphase
change for disturbance growth is brought about by viscous effects
in the critical layer. This prompts one to speculate on whether it
would be possible to postpone or eliminate transition by interfering
in some way with this phase change, to reverse it, partly or fully,
thereby reducing or even changing the sign of the Reynolds stress.
In fact, it is already known that this is the main reason that wall
compliance can stabilize Tollmien–Schlichting waves2;3 and other
instabilities.4;5

One possible way to interfere with the phase relationship be-
tween u and v is by means of a passive porous wall of the type

597
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Fig. 1 Schematic of the passive-porous-wall mechanism.

shown in Fig. 1. This consists of a very thin perforated plate or
sheet stretched over a plenum chamber. As they propagate along
the boundary layer, Tollmien–Schlichting waves create a � uctuat-
ing pressure � eld, which drives small quantities of air through the
perforated sheet in and out of the plenum chamber. A fundamen-
tal quantity for characterizing the response of the passive porous
wall to the Tollmien–Schlichting waves is the admittance, de� ned
as follows:

Yw D � uctuating � ow rate per unit area through wall

� uctuating pressure acting on the wall
(1)

The key questions addressed in the present paper are whether there
are complex values of admittance such that Tollmien–Schlichting
waves are stabilized, and whether it is possible to manufacture pas-
sive porous walls that stabilize Tollmien–Schlichting waves.

The concept of using the sort of passive porous wall shown
schematically in Fig. 1 for transition postponement appears to be
novel.However, certainaspectsof the theoreticalmodelingare quite
similar to the approach devised by Gaponov6¡8 and Lekoudis9 to
model the effect of a permeable surface on boundary-layerstability.
In the theoretical work on the effect of suction on boundary-layer
stability previous to theirs, it was usually assumed that the � uctuat-
ing velocity at the wall was zero. Gaponov6¡8 and Lekoudis9 recog-
nized that this could be a poor assumption in some cases, especially
when the suction slots connected the boundary layer to a plenum
chamber.They pointedout that as Tollmien–Schlichtingwaves trav-
eled along the boundary layer they would have driven a � uctuating
component of � ow through the slots. This � uctuating � ow would
be superimposed on the steady suction � ow. The correct boundary
condition at the wall should have taken this � uctuating component
into account. This then led to a formulation of the boundary-layer
stability problem, which in certain respects is similar to that devel-
oped in the present paper. In the more recent work of Carpenter,10

which in a sense is preliminary to the present paper, the � ow in the
poresof the passiveporous walls was modeled using unsteadypipe-
� ow theory or its two-dimensionalequivalent. It was found that the
greatest stabilizingeffect is obtained with inclined pores. However,
it was also found that the necessary admittance values could only
be realized in practice by using very short pores, which violates the
assumptions behind unsteady pipe-� ow theory and also makes the
use of inclined pores impractical. In the present paper we assume
that the porous surface is made from thin sheet, thereby ensuring
the pores are very short.

There has also been a certain amount of work on other applica-
tionsof passiveporouswalls for drag reduction.For instance,Schetz
and Kong,11 Wilkinson,12 and Collier and Schetz13 carried out ex-
perimental investigationson the use of such walls to reduce drag for
fully turbulent boundary layers. The porous walls took the form of
perforated plates over adjustable plenum chambers. Drag increase
was observed in all cases tested. The use of passive porous walls for
drag control in transonic � ow has also been studied experimentally
by Nagamatsu et al.14 and Breitling and Zierep.15 Similarly, venti-
lated porous walls have long been used to reduce blockage effects
in transonic tunnels (for example, see the recent paper by Beutner
et al.16). In this case the passive porous walls were effective at re-
ducing shock strength and, thereby,wave drag. Finally, a number of
passive porous-wall drag-reduction mechanisms were proposed by
Bechert et al.17 in their study of the hydrodynamicsof shark skin.

The remainder of the paper is organized in the following way. In
Sec. II, we present a general inverse theory to study the effects of
varying admittance magnitude and phase on Tollmien–Schlichting
waves. In Sec. III, a theoretical model is presented for determining
the admittance for the type of passiveporous surfacebeing used in a
parallel experimental study. This model is used to study the effects
of such walls on the evolution of Tollmien–Schlichting waves and
to provide a physical explanation for their stabilizing properties.
Finally, conclusions are given in Sec. IV.

II. General Inverse Theory
A. Formulation

The stability of a boundary layer on a � at plate with a passive
porous wall is considered. The usual assumption of quasi-parallel
� ow is made. It is assumed that in the absence of a disturbance the
pressure difference across the passive porous wall would equilib-
riate, making the mean � ow identical to that for an impermeable
wall, so that the Blasius solution is the undisturbedvelocity pro� le.
It is further assumed that the disturbanceis suf� ciently small for the
governing equations to be linearized and that it takes the form of a
two-dimensional traveling wave, so that the velocity and pressure
� uctuations can be written in the form:

fu; v; pg D f Ou; Ov; OpgE C c:c: where E D expfi.®x ¡ !t/g

(2)

where ® D .®r C i®i / is the complexwave number,with ®r the phys-
ical wave number and ¡®i the growth rate of the disturbance with
respect to the streamwise direction x , and c.c. is the complex conju-
gate. All quantities are made nondimensional using the freestream
speed U1, density ½, kinematic or dynamic viscosity, º or ¹, and
boundary-layerdisplacement thickness ±¤.

The assumptions made are standard for classic linear hydrody-
namic stability theory.Therefore, it follows that Ov is governedby the
well-known Orr–Sommerfeld equation. The usual boundary condi-
tions, requiring exponential decay of the disturbance velocity, are
assumed at the outer edge of the boundary layer. At the wall, kine-
matic boundary conditions are imposed requiring continuity in the
disturbance velocity between the boundary layer and qw , the � ow
rate per unit area entering the porous wall. Thus,

Ouw D 0 (3a)

Ovw D ¡ Oqw (3b)

These boundary conditionsare similar to those derived for the com-
pliant wall,3;18;19 provided that the substitution Oqw D i! Ó is made,
where Oqw and Ó are the amplitudes of qw and of the dimensionless
vertical wall displacement. There is, however, one crucial differ-
ence; for a compliantwall, Ouw in Eq. (3a) is replacedby Ouw C DUw Ó
where DUw is the undisturbed velocity gradient at the undisturbed
wall position. The additional term re� ects that in the case of the
compliantwall the surface moves under the action of the � uctuating
forces. The difference between the form of the boundary condition
(3a) for the two cases appears to be almost trivial, but, in fact, has
important consequences.

The formulation of the problem is completed by introducing the
concept of admittance [ see Eq. (1)]. The wall admittance is a com-
plexnumber that characterizesthe way theporouswall (or compliant
wall) responds to a � uctuatingpressure acting on the upper surface.
Thus, the admittanceevaluatedfrom the boundary-layerside can be
written as

Yb D Oqw= Opw (4)

The form used in Eq. (4) is equivalent that used in studies of
the effects of wall compliance on boundary-layer stability and
transition.3;18

At the wall theadmittanceevaluatedfrom the boundary-layerside
must equal the admittanceof the porouswall, so that,usingEqs. (3b)
and (4), the additional boundary condition at the wall becomes

Yb D Yw or Yw Opw C Ovw D 0 (5)
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where Opw can be written in terms of Ovw (Ref. 3); thus,

Opw D 1=.®2Re/
£
D3 Ovw ¡ ®2 D Ovw C iRe.® Ovw DUw C !D Ovw/

¤
(6)

where Re D ±¤U1=º and D, D2, and D3 are the � rst, second, and
third derivatives with respect to y.

Thus Ovw and Opw can be evaluated from the solution to the Orr–

Sommerfeld equation. This equation with its two outer boundary
conditions and the wall conditions(3a) (3b), and (5) form an eigen-
problem for which ® is the complex eigenvalue and Ov is the com-
plex eigenfunction.Equation (5) couldbe regardedas the eigenvalue
equation and takes the form

F.®I !; Re; Yw/ D 0 (7)

The aim is to calculate the complex values of ® for speci� ed values
of ! and Re and a range of complex values of admittance with the
view, in particular, of determining how the disturbance growth rate
¡®i varies.

B. Numerical Methods
The eigenvalue equation (7) has to be solved numerically. Two

completely independentmethods were used. This had great advan-
tage for validation of the results. Complete agreement was found
using the two methods. The � rst method, used by Carpenter,10 is
based on the scheme developed by Carpenter and Morris,3 which
combines a shooting method with orthonormalization for the nu-
merical integration of the Orr–Sommerfeld equation. This is cou-
pled with the method of false position to solve Eq. (7) iteratively.
The second method, also used by Carpenter and Morris, is based
on a Chebyshev spectral scheme and is closely modeled on that of
Bridges and Morris.20 This can be used to achieve a globallyconver-
gent scheme, which was used to check if there were any additional
unstable eigensolutions. Mostly, however, Bridges and Morris’s20

local iteration scheme3 was used to solve Eq. (7). The required
modi� cations to accommodate the slightly different boundary con-
ditions for the passive porous wall are very straightforward.

In common with the work on the effects of wall compliance on
boundary-layerinstabilities,for example,CarpenterandMorris,3 we
found that considerablysmaller step sizes were required to achieve
a given accuracy for passive porous walls as compared with imper-
meable rigid walls. In all cases a careful study was undertaken to
ensure that a suf� cient number of steps were taken to achieve the
required accuracy, and good agreement was found with the previ-
ously published results for the impermeable rigid wall. Also good
agreement was found between the shooting and spectral methods
for the passive porous walls. Typically, for the shooting method it
was found that 500 steps were required for a passive porous wall
to obtain the same accuracy as achieved with 200 steps for the im-
permeable rigid wall. Similarly for the spectral code, 65 Chebyshev
polynomialswere needed to achieve a relative accuracy of less than
0.01, whereas only 35 were needed for the rigid impermeable wall.
We experienceddif� culties obtainingconvergedsolutionsusing the
spectral scheme for relatively large porositieswhen ®i became pos-
itive, that is, for damped solutions.

C. Physical Interpretation of the Wall Admittance
The wall admittance is complex and is conveniently written in

the form

Yw D NYwei’ (8)

In general, the phase ’ of the wall admittance is nonzero, re� ect-
ing that the � ow through the pore is usually out of phase with the
driving pressure. A deeper understanding of how to interpret the
value of ’ may be obtained by drawing an analogy with the simple
forced linear oscillator. In this case the admittance can be de� ned
as the ratio of velocity to driving force, and its phase is given by

’ D arctan
£¡

!2 ¡ !2
0

¢¯
° !

¤
(9)

where !0 is the natural frequency and ° is the damping factor.
When ° ! 0, ’ D ¡¼=2 for ! < !0; however, when the resonant

frequency is reached, the phase angle jumps to ¼=2 so that, for
! > !0 , ’ D ¼=2. For low damping, the behavior is approximately
the same. Thus, a passive porous wall can be said to be operating
in superresonant/subresonant mode when ’ is in the approximate
vicinity of §¼=2, respectively.

The work done by the � uctuating pressure pw in driving � uid in
and out of the wall is given by

1
4 .pw C c:c:/.qw C c:c:/ D 1

4 .pw C c:c:/.Yw pw C c:c:/

One might expect that for a purely passivewall the net energy trans-
fer should always be from the � uid � ow to the wall and that, ac-
cordingly, the precedingquantity should be positive when averaged
over a cycle or wavelength. For this to be so, the real part of the
admittance must be greater than or equal to zero, that is,

¡¼=2 · ’ · ¼=2

This argument is not, in fact, completely sound because it is quite
possible for a passive wall to alter the phase between qw (or wall
displacement in the case of a compliantwall) and the effective driv-
ing pressure to allow energy to pass from the wall to the � ow. For
example, this happens in the case of subcritical traveling-wave� ut-
ter over a compliantwall.2;3;21 In the case of a Tollmien–Schlichting
(T–S) wave, the most importantenergy transfermechanismsare vis-
cous dissipationand energy productionby the Reynolds stress, both
of which occur across the bulk of the boundarylayer (see Carpenter2

and Carpenterand Morris3 for a discussionof energy transfermech-
anisms for boundary layers over compliant walls). Thus, it is quite
possible for a passive porous or compliant wall to bring about a fa-
vorable change in these main energy-transfermechanisms, leading
to a reduction in T–S wave growth rate, while at same time a much
smaller amount of energy is transferredfrom the wall to � ow. Under
these circumstances ’ could be slightly less than ¡¼=2. Neverthe-
less, the normal expectationis for ’ to lie between ¡¼=2 and C¼=2
in the case of a passivewall. Accordingly, this is the range of values
assumed for presenting the results given next.

D. Results of the Numerical Study
In the general inverse theory, the porous wall is characterizedby

two (real) parameters: NYw and ’. The immediate objective of the
present study is to identify the range of values for these parameters
for which there is a bene� cial effecton the growthof boundary-layer
disturbancesin the form of T–S waves.This will allow the suitability
of passiveporous walls for maintaining laminar � ow to be assessed.
This approachwas inspiredby thatdevelopedbySen and Arora21 for
studying the effects of wall compliance on boundary-layerstability.

To solve the eigenvalue equation (7) for the complex eigenvalue
®, it is necessary to choose values of ! and Reynolds number Re,
as well as NYw and ’. In many ways the most appropriate choice
for ! is the frequency of the fastest growing T–S wave, which is
the precursor to transition.The correspondingfrequencyparameter,
F D .!=Re/ £ 106 , is approximately30, and its growth rate reaches
a maximum at Re ’ 2240. These approximatevalues for the critical
T–S wave provide an appropriatechoice of ! and Reynolds number.

The globally convergent eigenvalue search scheme was used to
survey a fairly wide range of frequenciesand Reynolds numbers to
check whether there are any other unstable eigenmodes for passive
porous walls apart from the T–S waves. No other instabilities were
found. Figure 2 presents the variation of ®r and ®i with ’ for two
values of NYw for a passive porous wall. The corresponding results
for the compliant and rigid wall are also plotted for comparison.
Note that both compliant and porous walls have a bene� cial effect,
in that the growth rate ¡®i falls below the rigid-wall value, when ’
is fairly close to ¡¼=2, that is, in subresonantoperating mode with
moderate to low damping. For superresonant operation, that is, ’
very near ¼=2, passive porous walls, but not compliant walls, also
have a bene� cial effect and, in fact, can completelystabilize the T–S
waves. For subresonantoperation,compliantwalls are considerably
more effective than porous walls with the same values of NYw and ’.

The physical reason for the greater effectiveness of compliant
walls in the subresonantmode of operation is that the wall actually
moves,whereasit doesnot for theporouswall. This is re� ectedin the
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a)

b)

Fig. 2 Variation of ®r and ®i with the phase of the admittance for
passiveporouswalls (PW)andthecorrespondingcompliantwalls (CW):
F = 30 and Re = 2240.

additional term, discussed earlier, which is required for compliant
walls in the no-slip boundary condition (3a). This wall movement
leads to substantialadditionalenergyremoval which helps to reduce
the growth of the T–S wave.2;3 In fact, the super� cial resemblance
mathematicallybetween the two types of passive wall, owing to the
similarity of the wall boundary conditions, is rather misleading. In
practice, it appears that passive porous walls always act superreso-
nantly, whereas compliantwalls act subresonantly.10 Consequently,
one may expect the � ow physics involved in the two cases to differ
markedly.

The variation of ®i with admittance magnitude and phase is plot-
ted in Fig. 3 for a superresonantpassive porous wall. Two cases are
illustrated. Figure 3a corresponds to the parameters of Fig. 2. The
frequency parameter and Reynolds number for Fig. 3b correspond
approximately to the conditionsof a parallel experimental study. In
both cases it can be seen that there is a range of values of the ad-
mittance amplitude and phase for which the growth rate of the T–S
waves is reduced and a smaller range for which there is complete
stabilization, that is, ®i > 0. The range of favorable parameters is
larger in Fig. 3b than in Fig. 3a. Thus, it has been established that it
is possible to stabilize T–S waves with passive porous walls having
the appropriate response in terms of admittance. The outstanding
question addressed in Sec. III is whether it is possible to achieve
such admittance values in practice.

III. Theoretical Model for Passive Porous Walls
A. Expressions for Admittance of Practically Realizable Cases

In the precedingsectionit has been establishedthatpassiveporous
walls that respond in the appropriate way can substantially reduce
the growth of T–S waves. This section addresses the question of
whether it is possible to realize such walls in practice. In fact, the
theoretical model is developed for the passive porous walls con-
structed for a parallel experimental study. These walls (see Fig. 1)
comprise a very thin porous metal sheet stretched over a plenum
chamber. Gaponov7 has shown that, provided the separation dis-
tance between adjacent slots or holes in the porous plate is very
much smaller than the wavelength of the T–S waves, the individual

a)

b)

Fig. 3 Contours of ¡ ®i as it varies with admittance magnitude and
phase for a superresonant passive porous wall: a) F = 30, Re = 2240, and
rigid-wall value is ¡ ®i = 0:0117; and b) F = 92:2, Re = 1060, and rigid-
wall value is ¡ ®i = 0:0077.

slots or holes can be ignored and the � ow rate qw through the wall
can be regarded as a continuous function of x . This condition is
comfortablymet in the porous panels constructed for the study, and
it allows us to use the concept of an admittance to formulate the
wall-reponse boundary condition.

For the sort of porous wall shown in Fig. 1, there will be two
contributions to the wall admittance, namely, that due to the � ow
through the pores (or holes) in the sheet and that due to the plenum
chamber. For the � ow through the pores,

Yp ´ Oqw=. Opw ¡ Opc/ (10a)

For the � ow through the plenum chamber,

Yc ´ Oqw= Opc (10b)

where pw and pc are the driving pressures at the wall and for the
plenum chamber, that is, at the exit of the pores into the chamber,
respectively.

The admittance is proportionalto the solidityor porosity¾ of the
porous surface, that is, the fractionof the surface occupiedby pores;
it is also analogous to the reciprocal of resistance.Thus, Eqs. (10a)
and (10b) imply that

Opw D . Opw ¡ Opc/ C Opc D Oqw [ .1=Yp/ C .1=Yc/] (11)

so that the overall admittance Yw.D Oqw= Opw/ is related to the admit-
tances of the two components as follows:

Yw D ¾.Yw/¾ D 1 (12a)

[ 1=.Yw/¾ D 1] D [ 1=.Yp/¾ D 1] C [ 1=.Yc/¾ D 1] (12b)
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Carpenter10 used unsteady pipe theory to derive an expression
for Yp . This assumes that the pores are very long compared with
their diameter. Here, the opposite extreme is assumed, that is, that
the pores are very short compared with their length. Accordingly,
pw ’ pc , implyingYp À Yc , so that to a good approximationthe � rst
term on the right-hand side of Eq. (12b) can be ignored.

B. Expression for Admittance of Plenum Chamber
When the pores connect the boundary layer to a common plenum

chamber, a wave-like disturbance also propagates along the cham-
ber. Thus, for an in� nitely long plenum chamber, the velocity com-
ponents of the � ow there are written in the form

fuc; vcg D f Ouc; OvcgE C c:c: D
»

i

®

d Ovc

dy
; Ovc

¼
E C c:c: (13)

where the continuity equation has been used to write Ouc in terms of
Ovc . In the plenum chamber, the coordinate y is measured downward
from the upper surface of the chamber. U1 , ±¤, etc., are still used to
make all quantities nondimensional.

For the � ow in the plenum chamber, it can be shown19 that the
linearized Navier–Stokes equations reduce to a single constant-
coef� cient, fourth-order, ordinary differential equation for Ovc. In
fact, this equation is identical to the Orr–Sommerfeld equationwith
the mean undisturbedvelocity set equal to zero. Its general solution
takes the following form:

Ovs D A1e®y C A2e¡®y C A3e
¯y C A4e¡¯y (14)

where ¯ D
p

.®2 ¡ i!=º/ and the Ai , i D 1; 2; 3; 4, are constants.
The four boundary conditions are

Ovc D ¡ Oqw at y D 0 (15a)

Ouc D 0 or
d Ovc

dy
D 0 at y D 0 (15b)

Ovc D Ouc D 0 (15c)

Ovc D d Ovc

dy
D 0 at y D ¡ Nh (15d)

where the nondimensionaldepth of the plenumchamber is given by
Nh D h=±¤. These boundary conditionsprovide four linear equations
for the coef� cients Ai , i D 1; 2; 3; 4. These were solved for the Ai

using symbolic computing (MAPLE).
Using the linearized x-momentum equation, together with the

boundary conditions (15a) and (15b) it can be shown that the pres-
sure in the plenum chamber at y D 0 is given by

Ops D i.!=®/.A1 ¡ A2/ (16)

If the expressions determined for A1 and A2 are substituted into
Eq. (16) the following result is obtained for the admittance of the
plenum chamber:

.Yc/¾ D 1 D Opc= Oqw D ¡i.®=!/1=N1 (17)

where

N1 D ¯.® C ¯/
£
e.® ¡ ¯/ Nh ¡ e¡.® ¡ ¯/ Nh

¤

C ¯.® ¡ ¯/
£
e.® C ¯/ Nh ¡ e¡.® C ¯/ Nh

¤
(18)

1 D 8®¯ C .® ¡ ¯/2
£
e.® C ¯/ Nh C e¡.® C ¯/ Nh

¤

¡ .® C ¯/2
£
e.® ¡ ¯/ Nh C e¡.® ¡ ¯/ Nh

¤
(19)

a) F = 75

b) F = 100

Fig.4 Three-dimensionalplotsof ®i vs Reynoldsnumberand porosity.

C. Numerical Study Using Theoretical Model of Admittance
The theoreticalexpression(17) for admittancecanbeused instead

of a speci� ed complex value with the numerical methods outlined
in Sec. II to compute the correspondingeigenvaluesand eigenfunc-
tions when values of frequency and Reynolds number are given.
In this way we carried out an extensive study of the effects of pas-
sive porous walls on boundary-layer stability, both at the higher
dimensionless frequencies and lower Reynolds numbers appropri-
ate to a parallel experimentalstudy and for the values corresponding
to Fig. 3, which are more appropriate for natural transition. In all
cases it was found that the greateststabilizationwas obtained for in-
� nitely deep plenum chambers, although in practice there was little
change for depths exceeding values of the order of the T–S wave-
length. This seems to contradict the earlier results of Lekoudis,9

although it is consistent with the � ow physics described here
earlier.

Some typical results correspondingto the experimental study are
shown in Fig. 4. The variation of ®i with porosity ¾ over a small
range of Reynolds numbers is plotted for two dimensionless fre-
quencies. It can be seen that in both cases there is an optimum value
of porosity for which the stabilization is greatest. For F D 75, it is
around 0.12. The growth rate and dimensionless frequency corre-
sponding to the most unstable T–S wave is plotted as a function of
porosity in Fig. 5. It can be seen that at the selected Reynolds num-
ber of 1105 complete stabilization at all frequencies is achieved for
a porosity slightly in excess of 0.16.

For the experimental study, a 90 £ 90 mm porous panel is inset
into a � at plate with its leading edge located355 mm from the lead-
ing edge of the � at plate. The acoustic driver is located 205 mm
from the plate’s leading edge. At a � ow speed of 20 m/s, this cor-
responds to Re D 840. Figure 6 presents a calculation of gain (the
ratio of the local T–S amplitude to its value at Re D 840) for T–S
waves driven at dimensionless frequencies of F D 75 and 85. The
two vertical lines denote the leading and trailing edges of the porous
panel. It can be seen that at F D 75 the 12% porosity panel com-
pletely stabilizes the T–S wave and partially stabilizes it at F D 85.
Partial stabilization is seen for walls with lower values of poros-
ity; Fig. 4a shows that the reduction in instability growth rate is
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Fig. 5 Variation of growth rate and frequency with porosity for the
most unstable mode; Re = 1105.

roughly proportionateto porosity up to the optimum value of about
12%. For porositiesgreater than this, the instabilitygrowth rate rises
sharply.

To seek an explanationof the mechanismsresponsiblefor the sta-
bilization, we investigated the various terms in the integral distur-
banceenergyequation.Followingthe procedureused by Carpenter,2

Carpenter and Morris,3 and others for disturbances propagating in
boundary layers over compliant walls, we write the integral distur-
bance energy equation averaged over a cycle as

d

dx

µ Z 1

0
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2
.u2 C v2/ dy

| {z }
.i/

C
Z 1

0

up dy

| {z }
.ii/

C 1
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Z 1

0

v! dy

| {z }
.iii/

¶
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Z 1

0

¡uvDU dy

| {z }
.iv/

C vw pw|{z}
.v/

¡ 1
Re

Z 1

0

³ 2 dy

| {z }
.vi/

(20)

where ³ is the perturbationvorticity.The term i on the left-handside
can be regarded as the total kinetic energy being convected past a
given location. Terms ii and iii are the rates of � ow work done by
the perturbationstresses.Term iv is the rate of energy productionby
the Reynolds stresses. Term v is the rate of irreversible work done
at the wall by the � uctuating pressure. Term vi is the rate of viscous
dissipation. Differentiating term i with respect to x is equivalent to
writing it as

¡2®i

Z 1

0

U

2
.u2 C v2/ dy

a) F = 75

b) F = 85

Fig. 6 Ampli� cation plots for a rigid wall and a passive porous wall
with ¾ = 0:12; wall is only porous between the vertical broken lines.

Fig.7 Comparisonof themagnitudesof the variousterms in the energy
equation (20) for a range of porosities; F = 85 and Re = 1105; TME,
normalized total mechanical energy; EPRS, terms iv/i; EDAV, terms
vi/i; and IETW, terms v/i.

The integrated mechanical energy, term i, is used to normalize the
remaining terms to obtain the results plotted in Figs. 7 and 8.

Figure 7 shows themagnitudesof thenormalizedtotalmechanical
energy, that is,

¡2®i

³
1 C term ii C term iii

term i

´

and the normalized energy production rate, terms iv/i, the normal-
ized rate of pressure work, terms v/i, and normalized dissipation
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Fig. 8 Pro� les of Reynolds stress across the boundary layer for various
values of porosity: F = 75 and Re = 1105.

rate, terms vi/i, for the impermeable wall and porous walls with
a range of porosities at Re D 1105 and dimensionless frequency,
F D 85. As can be seen, the main stabilizing effect is the decrease
in the energy production term as porosity rises; there is also a
smaller favourable contribution due to the rise in the rate of irre-
versible pressure work at the wall. The distributions of Reynolds
stress across the boundary layer are plotted in Fig. 8. It can be seen
that a region of negative Reynolds stress develops adjacent to the
wall and, to a lesser extent, in the outer part of the boundary layer as
the wall porosity rises. This near-wall region of negative Reynolds
stress appears to be the principal explanation for the stabilizing ef-
fect of passive porous walls predicted by the theory. The results
shown in Figs. 7 and 8 correspond approximately to the conditions
for the experimental investigation.Similar results were obtained at
the Reynolds numbers and frequencies more appropriate to natural
transition.

IV. Conclusions
A general inverse theory has been developed for passive porous

walls that is based on classic linear stability theory. The porous
wall is characterized by a complex admittance, the complex value
re� ecting the phase differencebetween the � uctuatingdriving pres-
sure and the � ow through the pores. It is found that passive porous
walls characterized by an admittance phase very close to ¼=2 can
completelystabilizeT–S waves. This contrastswith compliantwalls
that stabilizeT–S waves when the admittancephase is near to ¡¼=2.
It is also found that there exists an optimum magnitude of admit-
tance that when exceeded leads to a rapid rise in the growth rate of
the T–S waves.

A theoretical model for a practical passive porous wall has also
been developed. This type of wall corresponds to a parallel experi-
mental study and comprises a very thin porous sheet stretched over
a plenum chamber. A theoretical expression for the admittance was
derived for this type of porous wall. This was used with classic sta-
bility theory to predict the effect such a passive porous panel would
haveon the evolutionofT–S waves in the experimentalstudy.Strong
stabilization was found for walls with 12% porosity. An investiga-
tion of the various terms in the integral disturbanceenergy equation
revealed that the main stabilizing effect was due to greatly reduced
energy production by the Reynolds shear stress. It emerged that as
the porosity increases a region of negative Reynolds shear stress
develops near the wall.

It remains to be seen whether the experimental study will con-
� rm the theoretical predictions.There are several factors that could
lead to problems in practice. For example, the theory requires the
admittancephase to be very close to ¼=2. This can only be achieved
in practice by minimizing the losses through the pores through us-
ing very thin tensioned metal sheet. Another area of concern is
that the very weak pressure � eld generated by the T–S waves could

be swamped by the quasi-random background noise. This could
equally have been a problem with compliantwalls. Yet Gaster22 and
Lucey and Carpenter23 found very good agreementbetween the pre-
dictions of linear stability theory and experimental measurements
of the evolution of disturbances in boundary layers over compliant
panels. One may also anticipate dif� culties if the pressure � eld is
not suf� ciently uniform along the passive porous panel. This might
lead to areas of steady in� ow and out� ow, thereby modifying the
undisturbed � ow� eld. Although nonuniform pressure � elds could
have led to steady deformationsof compliant panels, thereby invali-
dating the measurements referred to earlier, they apparentlydid not.
Last, it would be very dif� cult to measure the values of admittance
in an experiment.
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